It is known that the classical ruin function under exponential claim-size distribution depends on two parameters, which are referred to as the mean claim size and the relative security loading. These parameters are assumed to be unknown and random, thus, a loss function that measures the loss sustained by a decision-maker who takes as valid a ruin function which is not correct can be considered. By using squared-error loss function and appropriate distribution function for these parameters, the issue of estimating the ruin function derives in a mixture procedure. Firstly, a bivariate distribution for mixing jointly the two parameters is considered, and second, different univariate distributions for mixing both parameters separately are examined. Consequently, a catalogue of ruin probability functions and severity of ruin, which are more flexible than the original one, are obtained. The methodology is also extended to the Pareto claim size distribution. Several numerical examples illustrate the performance of these functions.
Introduction
In a classical continuous time-surplus process {U(t)} t≥0 when the insurer's initial surplus is given by u, an explicit expression for the probability of ultimate ruin exists, as is already well-known, for a limited number of claim-size distributions such as the exponential and mixed exponential distributions. When the claim-size distribution is exponential, simple analytic results for the ruin probability in infinite time may be possible. Nevertheless, as Grandell (1990) has pointed out, there is really no reason to believe that the exponential distribution is a realistic description of the claim behavior.
Furthermore, the class of mixtures of exponential distributions is somewhat limited because its mode is necessarily located at 0 (see Gerber et al. (1987) ). Therefore, some efforts have been carried out in the statistical literature to find other probabilistic models to revise this issue.
Although for most of the general claim amount distributions, e.g., heavy-tailed, the Laplace transform technique does not work, explicit expressions under other assumptions, such as Pareto distributions, have been obtained but they are too complicated and require large computation to calculate the values of the ultimate ruin probability. For example, Garcia (2005) derived complicated exact solutions under series representation and Seal (1980) and Wei and Yang (2004) under integral representations. Grandell and Segerdahl (1971) showed that for the gamma claim amount distribution under some restrictions on the parameters, the exact value of ruin probability can be computed via a formula which involves a complicated integral. In Ramsay (2003) , an expression based on numerical integration was derived for the probability of ultimate ruin under the classical compound Poisson risk model, given an initial reserve of u in the case of Pareto individual claim amount distributions. Furthermore, Albrecher et al. (2011) have obtained closed-form expressions for ruin probability functions under some kind of dependence assumption also using the mixing representation. In this regard, as Asmussen and Albrecher (2010) pointed out, the ideal situation is to come up with closed-form solutions for the ruin probabilities; however, these are limited. More recently, Tamturk and Utev (2018) computed ruin probabilities via a quantum mechanics approach and Sarabia et al. (2018) obtained ruin mixtures function in an aggregation of dependent risk model using mixtures of exponential distributions and finally Gómez-Déniz et al. (2016) has obtained closed-form expressions for the probability and severity of ruin when the claim size is assumed to follow a Lindley distribution. More recent results in the calculation of the ruin probabilities can be found in Kyprianou (2014) where the survival probability is defined for a general spectrally negative Lévy process. To compute these probabilities, it is necessary to invert the Laplace transform (see Kuznetzov et al. (2012b) ). In addition, when the Laplace exponent is a rational function, it admits an explicit expression written in terms of the sum of complex exponentials. A relevant example is the case where the jump size is phase-type distributed, which can in theory approximate any Lévy process by phase-type fitting (Egami and Yamazaki (2014) ). The joint density of ruin time and overshoot can also be simply computed once the scale function, i.e., the survival probability, is known (see Yamazaki (2017) ).
In this paper, new ruin probability functions and severity of ruin are simply derived by a mixture mechanism, which is based on the use of appropriate loss functions. This procedure has resulted very useful to obtain new and adequate probability functions to fit insurance claim data and to derive new credibility expressions.
The structure of the paper is as follows. In Section 2 we revise some basic elements of the classical ruin theory. The mixture mechanism proposed in this work is given in Section 3. The main results are provided in Section 4. Here, closed-form expressions for mixture ruin probabilities and mixture severity of ruin when the mixing distribution belongs to the exponential family of distributions are given. Additionally, an expression for the upper bound of mixture ruin probability function is illustrated. Next numerical applications are shown in Section 5 and some final comments are presented in the last Section.
Background
The surplus process of an insurance portfolio is defined as the wealth obtained by the premium payments minus the reimbursements made at the times of claims. When this process becomes negative (if ever), we say that ruin has occurred. Let {U(t)} t≥0 be a classical continuous time surplus process, the surplus process at time t given the initial surplus u, the dynamic of {U(t)} t≥0 is given by
where S(t) = ∑ N(t) i=1 X i is the aggregate claims amount up to time t, S(t) = 0 if N(t) = 0 where N(t) is a time homogenous Poisson process with intensity δ. Here, u ≥ 0 is the insurer's initial risk surplus at t = 0 and, as usual, we consider c = (1 + θ)δp 1 is the insurer's rate of premium income per unit time with loading θ > 0, where
The probability of ultimate ruin, ψ(u), given an initial surplus of u ≥ 0, is defined as
Although the safety loading factor could be positive, negative or even zero (see for instance Schmidli (1999) ), throughout this work it will be assumed that it only takes positive values.
this quantity is small for u sufficiently large. It is well-known (see Gerber (1979) ; Rolski et al. (1999) and Dickson (2005) ; among others) that the general solution to ψ(u) satisfies the following Volterra integral equation,
where
e., the claim size follows an exponential distribution with parameter λ > 0, it is possible to obtain a closed-form expression for ψ(u) (see Gerber (1979) and Dickson (2005) ) in the exponential claim-size case. This results in
Please note that the net profit condition is guaranteed in (1) since it has been assumed that the premium income rate is calculated based on the expression c = (1 + θ)δλ, i.e., expected value premium principle. If we make in (1) the change of variable υ = θ/(1 + θ), the explicit ruin probability function under the exponential claim size can be rewritten as
for u ≥ 0, where Π = (λ, υ), with λ > 0 and 0 < υ < 1. On the other hand, practitioners working in ruin theory are also interested in the amount of the insurer's deficit at the time of ruin given that ruin occurs, i.e., given an initial surplus u, the time T u is defined by
Defining the severity of ruin as
it can be seen (see Gerber et al. (1987) ; Dickson and Waters (1992) and Dickson (2005) , among others) that under exponential claim size
This last result is related to the exact distribution of the overshoot in the first passage times of the jump diffusion process due to the memoryless property of the exponential distribution. See Kou and Wang (2003) and references therein for details.
The main idea of this paper is to assume that Π is unknown and the estimation of ψ(u|Π) is achieved by minimizing the expected loss
with respect toψ(u). The function (4) measures the loss sustained by a decision-maker who takes ψ(u|Π) instead ofψ(u). Here, L(·, ·) is a loss function usually taken as squared-error loss function, i.e., L(a, z) = (a − z) 2 and P(Π) is the distribution function of Π. It is simple to see that in this case the value ofψ(u) which minimizes the expected loss above is given by,
Therefore, according to expression (5), the ruin function can be viewed as a mixture procedure, i.e., the two parameters that the ruin function depends on can be considered to be random variables following a distribution function P(Π). Then, the final ruin function can be obtained by compounding (mixing).
As a reviewer has pointed out, if the loading factor takes negative values, which is not the case assumed here, the conditional probability of ruin is one; however in general, this is not true for the overall unconditional probability of ruin.
Main Results
In practice, the ruin probability function defined in (1) depends on the relative safety loading θ > 0 and on the mean claim amount λ > 0. In the following, we are assuming: (i) that both parameters are unknown and random, and they follow a bivariate probability distribution; (ii) that the λ parameter is unknown and random and therefore it follows certain probability density function with domain in the parametric space of λ, say Λ; and (iii) that the parameter which is unknown is θ and then proceed to mix the ruin function with some appropriate probability density functions. Mixture distributions arise in many contexts in the statistical literature and they arise naturally where a statistical population contains two or more subpopulations. In this case, we might assume that the insurance firm is interested in computing the ruin probabilities depending on these two parameters. As these parameters are not exactly known, there exists some lack of fit in the ruin probabilities that can be explained by the existence of some factor of heterogeneity in the population of policyholders or portfolios of the firm, then resulting in different ruin probabilities from portfolio to portfolio. For the exponential claims size the mixture proposed here can be considered an extension of the ruin probability obtained when finite mixture of exponential distributions is used.
Both Parameters Unknown
Let us suppose that v and λ parameters in (2) are unknown and random. Let us also define ψ(u|Π) = ψ λ,v (u). We suppose as well that the practitioner is capable of assigning a probability density function for Π = (λ, υ) with λ > 0 and 0 < υ < 1 according to the following scheme:
then, we will determine the mixture ruin probability function by the well-known compounding formulã
The subscript BV in (6) indicates that the ruin function is obtained when a bivariate distribution is chosen as mixing model.
Observe that in any case both parameters should not be independent. Thus, the distribution dP Λ,Υ (λ, υ) must be flexible enough to allow for correlation (positive) between both parameters. In this sense, any bivariate distribution (for example obtained via copula modeling) with the adequate support might be chosen as mixing distribution.
Mean Claim-Size Parameter Unknown
Let us now consider the situation, usually assumed in actuarial statistics, where λ is random and unknown and take ψ(u|Π) = ψ λ (u). Then, the practitioner is able to assign a probability density function for the parameter λ in its domain (0, ∞). Let us also assume that the parameter θ in (1) is known. Now, we have the following statistical representation,
then we will determine the mixture ruin probability function by the compounding formulã
In risk theory, a correct estimation of the length of the tail for a ruin function is vital when judging its suitability as a proposed model. As we will show later in the numerical experiments, this methodology facilitates to obtain ultimate ruin probability functions with slower rates of decrease as u tends to infinite. This is compatible with the fact that the new ruin functions obtained have long(heavy)-tail probability distributions, i.e., with tails that decay more slowly than exponentially.
The cumulative distribution function P Λ (λ) can be viewed as a prior distribution in a Bayesian methodology. It is common in actuarial statistics the use of the Bayesian approach. In this regard, a prior distribution is assumed for the parameters in the field of credibility theory. Several works have dealt with this issue, including analysis about the Bayesian sensitivity of the model assumed.
Let us also consider that the practitioner decides to select a model from the single-parameter natural exponential family of distributions. This family is determined by
where ω is denoted as the natural parameter satisfying that
being κ(ω) a function of the natural parameter ω. A large number of well-known distributions such as normal, Poisson, or Gamma, belong to this family. The moment generating function is given by
Let us now consider that Λ in the ruin probability function (1) follows the single-parameter natural exponential family of distribution (8). Then by using (7) and (1) and taking into account (9), we have that the mixture ruin probability function is given bỹ
For u = 0, we have thatψ(0) = 1/(1 + θ). It is already known (see for example Dickson (2005, p. 133) ) that for the classical risk process, Lundberg's inequality provides an upper bound for the ruin probability, i.e., ψ(u|λ) ≤ e −R(λ)u , where R(λ) is a function depending on λ, known as the adjustment coefficient, i.e., the positive solution of the equation
being M X (r|λ) = ∞ 0 e rx dF(x|λ), i.e. the moment generating function of the claim-size distribution where F(·) is the cumulative distribution function of the exponential distribution. As the solution of Equation (11) is R(λ) = λ − δ/c, then from ψ(u|λ) ≤ e −R(λ)u , by multiplying both sides by dP Λ (λ) and integrating from 0 to infinity, we obtain the upper bound ofψ(u), which is given by
Now, to obtain mixture of severity of ruin we adopt the following scheme:
then the mixture severity ruin function is again determined by the compounding formulã
Let us now consider that Λ in the probability of severity of ruin function (3) follows the single-parameter exponential family of distribution (8), then we have that the mixture severity of ruin function is given byG
Please note that lim y→∞G (u, y) =ψ(u).
Safety Loading Parameter Unknown
Let us now denote as ψ(u|Π) = ψ v (u) the situation where the parameter v is considered unknown. In this case, we will use the following scheme:
when the υ parameter is unknown and random. In this case, we will again determine the mixture ruin probability function by the compounding formulã
After using (1) we getψ
where M Υ (t) is the moment generating function of the random variable Υ and M * Υ (t) = E Υ (υe tυ ). The mixture severity of ruin function is derived from
whereψ(u) is given in (16).
Specific Results
As we are interested in deriving a closed-form expression when (6) is used, we shall consider firstly the probability density function recently proposed by Gómez-Déniz et al. (2014) . This model was employed in the context of credibility premiums when the total claim amount distribution was examined. See Appendix for details. Expressions for the mixture ruin probability function and mixture severity of ruin are shown in Table 1 . These expressions are obtained after some algebra which we do not reproduce here. In these expressions 2 F 1 (a, b; c, z) represents the hypergeometric function which has the integral representation
Now, by using some particular probability density functions that belong to the class (8) and they admit closed-form expression for the moment generating function, as mixing distributions, new ruin probability functions and severity of ruin functions also given in closed-form are obtained when the λ parameter is assumed to be random. In this sense, the gamma, exponential, Lindley and inverse Gaussian distributions were chosen for this issue. The Lindley distribution (Lindley (1958) and Ghitany et al. (2008) , among others) is a one parameter continuous distribution, that is becoming more popular in the recent years due to its simplicity. Besides, it has a closed-form expression for its moment generating function. The corresponding probability density functions and moment generating functions are included in the Appendix.
On the other hand, when the υ parameter is assumed to be unknown, the mixture ruin probability and mixture severity of ruin functions are obtained by considering the uniform distribution, the confluent hypergeometric distribution, the classical beta distribution and the arcsin distribution, respectively. The confluent hypergeometric distribution with support on (0, 1) is a generalization of the classical beta distribution proposed in Gordy (1998) and appearing in Nadarajah (2005) . The arcsine distribution is a particular case of the Beta distribution obtained when α = β = 1/2. When the practitioner has no knowledge at all about the distribution of Υ, then a uniform structure function to obtain the mixture ruin probability function or alternatively the arcsin distribution might be considered.
As it can be observed, for all examined cases, simple closed-form formulae are derived. When the Lindley and inverse Gaussian distributions are considered, expressions for the severity of ruin depend on two functions, G L (β, θ, u, y) and
respectively. Table 1 . Specific examples of mixture ruin probability functions and mixture severity of ruin.
Distribution on Π Mixture Ruin Function Mixture Severity of Ruin
Bivariateψ BV (u) ≡ β α+β−γ σ σ+u γG BV (u, y) =ψ BV (u) 1 − σ+u y γ Γ(α+β−γ+1)Γ(α) Γ(α−γ)Γ(α+β+1) × 2 F 1 α, γ; α + β − γ; − u+σ y , y > 0
Distribution on Λ Mixture Ruin Function Mixture Severity of Ruin
Gammaψ G (u) = (1 + θ) α−1 [1 + θ(1 + βu)] α G G (u, y) =ψ G (u) 1 − 1 + θ(1 + βu) (1 + θ)(1 + βy) + θβu α Exponentialψ E (u) = 1 1 + θ(1 + βu) G E (u, y) =ψ E (u) 1 − 1 + θ(1 + βu) (1 + θ)(1 + βy) + θβu Lindleyψ L (u) = β 2 (1 + β + θ(1 + β + u)) (1 + β)(β + θ(β + u)) 2 G L (u, y) = ψ L (u) {1 − G L (β, α, θ, u, y)} Inverse Gaussianψ IG (u) = 1 1 + θ exp 1 α β − β(β(1 + θ) + 2α 2 θu) (1 + θ) G IG (u, y) =ψ IG (u) {1 − G IG (β, α, θ, u, y)}
Distribution on Υ Mixture Ruin Function Mixture Severity of Ruin
Pareto distribution has also been employed as a competitive alternative to the exponential distribution to model the claim-size data in classical risk theory (Ramsay and Usabel (1997) ; Dickson and Waters (1992) ); Ramsay (2003) and Politis (2006) ; among others). In this case, a closed-form expression for the ruin probability function cannot be obtained, and a numerical procedure can be easily implemented to approximate ruin probabilities. In this sense, Ramsay and Usabel (1997) obtained numerically, via product integration, ruin probabilities by assuming that the claim size follows a Pareto distribution with integer parameter and with cumulative distribution function given by
In Ramsay (2003) a ruin probability function is derived under this assumption, which is given by
where Ei m (x) is a generalization of the exponential integral Ei(x) given by
being γ the Euler's constant (γ ≈ 0.5772156649) and Z follows a gamma distribution with parameters m and 1 + u/m. By writing θ = υ/(1 − υ), υ ∈ (0, 1) and using expression (15), we can derive new ruin probability functions viã
Finally, by taking some of the aforementioned probability distributions as p(υ), we obtain new ruin probability functions (not given in closed form) that can be evaluated numerically.
Numerical Experiments
In the following, we will proceed to numerically illustrate the usefulness of the explicit ruin functions obtained in this manuscript. For that reason, different values of the premium loading factor θ, usually used in the literature, will be considered. Furthermore, probabilities of severity of ruin have been computed for a fixed value of θ = 0.25. Then, to assess the performance of the mixture ruin probabilities introduced in this paper, the values obtained under the classical exponential ruin probability function have been calculated, they are shown in Table 2 for various values of the initial risk surplus u and the loading factor θ. It is observable that the probability decreases with the loading factor θ and the initial surplus level u. Then, the mixture ruin probabilities for the different models considered before are exhibited in Table 3 . The choice of the parameter values has been obtained by setting equal the expectation of the mixing distribution to one (the value of parameter λ) when λ is considered to be random. On the other hand, when the parameter υ is random and unknown, θ/(1 + θ) has been set equal to the mean of the mixing distribution. Moreover, for the bivariate mixing distribution, we have selected γ = 0.03, σ = 3, while the parameters α and β were chosen in a way such that the marginal means are 1 and θ/(1 + θ) respectively. As with the classical exponential case, these probabilities reduce when both u and θ increase.
Furthermore, expression (17) has now been used to compute mixture ruin probabilities (see lower part of Table 4) ; by comparing the obtained results with the ones achieved in Ramsay (2003) (see upper part of Table 4 ). Please note that only the beta distribution was used as mixing distribution. Finally, some values of the mixture severity of ruin function are exhibited in Table 5 for θ = 0.25. In this case, we have firstly considered the classical exponential and then gamma, Lindley and inverse Gaussian as mixing distributions. The choice of the parameters is the same as the one used in Table 4 . Table 3 . Cont. Table 5 . Probabilities of severity of ruin with a premium loading factor, θ = 0.25. 
Final Comments
A wide catalogue of new closed-form ruin probability functions and probabilities of severity of ruin which can be useful for the actuarial community have been obtained. These expressions are much simpler than those traditionally used in the literature except for the formula based on the exponential claim size. The reason for this is because majority of these expressions do not require special functions.
In addition to this, explicit formulation for the upper bound of the mixture ruin probability functions have been derived. Comparisons between the different models obtained have been illustrated with several numerical examples.
Despite these new expressions for the ruin probability functions and severity of ruin have been calculated by assuming a squared-error loss function, other loss functions (see for example, Heilmann (1989) , for a wide catalogue of loss functions used in the actuarial literature) might be employed to analyze alternative formulation to the one presented here. In addition, as the assumption of the exponential-size jumps is quite optimistic, the case of completely monotone jump densities that generalizes the situation of mixture of exponentials deserved to be studied at some future time. In this regard, it might be feasible to consider some cases included in the meromorphic family see (Kuznetzov et al. (2012a) ).
Finally, a similar development to the one carried out in this work could easily be implemented when other plausible alternatives to the exponential and Pareto distributions for the claims amount are considered. In this sense, the gamma distribution with a positive integer shape parameter, i.e., Erlang distribution could be used.
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The covariance of (A1) is given by
which admits correlation of any sign. Thus, we have
• Lindley distribution.
p(y) = β 2 1 + β (1 + y) exp (−βy) , y > 0, β > 0, M(t) = β 2 (1 + β − t) (1 + β)(β − t) 2 .
• Inverse Gaussian distribution.
p(y) = β 2πy 3 exp − β 2α 2 y (y − α) 2 , y > 0, α > 0, β > 0,
• The confluent hypergeometric distribution.
p(y) = y α−1 (1 − y) β−1 e −σy B(α, β) 1 F 1 (α, α + β, −σ)
, 0 < y < 1, α > 0, β > 0, σ ≥ 0, 
